arXiv: 1502.05967v4 [math-ph] 1 Feb 2016 


GIBBS MEASURES ASSOCIATED TO THE INTEGRALS OF MOTION OF 
THE PERIODIC DERIVATIVE NONLINEAR SCHRODINGER EQUATION 


GIUSEPPE GENOVESE, RENATO LUCA, AND DANIELE VALERI 


Abstract. We study the one dimensional periodic derivative nonlinear Schrodinger (DNLS) 
equation. This is known to be a completely integrable system, in the sense that there is an 
infinite sequence of formal integrals of motion fh^, k E Z+. In each fh 2 k the term with the 
highest regularity involves the Sobolev norm H k ( T) of the solution of the DNLS equation. We 
show that a functional measure on L 2 (T), absolutely continuous w.r.t. the Gaussian measure 
with covariance (I + (— A) k )~ 1 , is associated to each integral of motion k > 1. 


1. Introduction 

In this paper we consider the derivative nonlinear Schrodinger equation (DNLS) in the space 
periodic setting: 

r i^ t = f + i/3 , 

l 4>{x,0) = V’o(x), 

where %> t) : T x K — > C, tjto(x) : T — > C, ip'{x, t ) denotes the derivative with respect to x, and 
/? £ R is a real parameter. 

The DNLS is a dispersive nonlinear equation coming from magnetohydrodinamics. It describes 
the motion along the longitudinal direction of a circularly polarised wave, generated in a low 
density plasma by an external magnetic field [ .og71, Mjo76] (see also [8S99]). It is known to be 
an integrable system [KN78] (see also [ >SK13]) in the sense that there is an infinite sequence of 
linearly independent quantities (integrals of motion) which are conserved by the flow of (1.1) for 
sufficiently regular solutions. The integrals of motion are functionals defined on Sobolev spaces 
of increasing regularity. 

The aim of this paper is to construct an infinite sequence of functional Gibbs measures associ¬ 
ated to the integrals of motion. These measures turn out to be absolutely continuous with respect 
to the standard Gaussian measures with covariance (I + (—A) fc ) _1 , thus different measures are 
disjointly supported (see Appendix A). 

The program of statistical mechanics of PDEs begins with the seminal paper by Lebowitz, 
Rose and Speer [LRS88]. The authors study the periodic one dimensional NLS equations and 
introduce the statistical ensembles naturally associated to the Hamiltonian, as in a classical field 
theory. Successively, Bourgain completed this study: in [Bout | by proving the invariance of 
the Gibbs measure for the cubic periodic case and in [BouOO] extending the results to the real 
line. Similar achievements have been obtained with different methods in [Mck95] for cubic NLS, 
in [MV9 ] for the wave equation, and in two dimensions in [Bou96] for defocusing cubic NLS 
equation, in [ S96] for the focusing case, in three dimensions for the Gross-Pitaevskii equation 
in [Bou9 ]. 

For integrable PDEs one can carry out the same study by profiting from an infinite number of 
higher Hamiltonian functionals. This was originally noted by Zhidkov [ liOl], who analysed the 
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Korteweg-de Vries (KdV) and cubic nonlinear Schrodinger (NLS) equation on T. The main idea, 
already contained in [ IS88], is to restrict the measure associated to a given integral of motion to 

the set of solutions with fixed values for all the other integrals of motion involving less regularity 
(in a sense that will be clarified below). The invariance of such a set of measures gives interesting 
informations on the long time behavior of the regular solutions, for instance through the Poincare 
Recurrence Theorem (see [ZhiOl, BTT1- ]). In the last years this approach has been adopted in a 
series of papers by Tzvetkov, Visciglia and Deng [TzvlO, TV13a, TV13b, TV14, Denl4, DTV14] 
for the Benjamin Ono equation on T. In this case a more careful construction of the measure is 
required compared to KDV and NLS. We find similar difficulties in studying the DNLS equation. 

Despite the extensive investigation in the past decades on integrable PDEs, a limited attention 
has been given to the integrability properties of the DNLS equation. An infinite sequence of 
integrals of motion for this equation has been found in [ 478] using the inverse scattering 

method. More recently, another proof of the integrability of the DNLS equation has been achieved 
using the so-called the Lenard-Magri scheme [Mag78] within the framework of (non local) Poisson 
Vertex Algebras [ 113]. 

The first few integrals of motion of the DNLS equation are: 

fho = l\M\h, ( 1 . 2 ) 

S hi = \j + ^ll'0lll 4 , 

fh 2 = TjllV’ll^i + TfP J V' 2 #' + ^-W\\ 6 L e , (1.3) 

f h3 = \ J W + ^ J (WO 2 ^ 2 + 8 iptpip'ip' + ^ 2 (V0 2 ) + -j/3 2 / V' 3 '0 2 V' / + > 

1 f 

fh 4 = ^\\tp\\%2 + ~[PJ (V’V’V’V" ^ i/W'VO 

+ ^/3 2 J (V’V' 3 W / ) 2 + + V’ 3 '*/#') 2 ) + 3 3 J V’ 4 ^ 3 ^' + ^/3 4 |Mli°io ■ 

Here and further, we denote by f f = f T f. Note that, while for k even the term of highest 
regularity in the integral of motion f hk is the H% (T) norm, for odd k this term is not definite 
in sign. This prevents us to associate an invariant Gibbs measure to every integral of motion 
fhk, fee Z+. The same does not occur for KdV, NLS or Benjamin-Ono equations. 

The DNLS equation has been shown to be locally well posed for initial data in 77 s - 1 / 2 both 
for periodic and non periodic settings (see [ Ier06] and respectively [Tak99]). The global well- 
posedness has been proven for H s - 1 / 2 (R) in [ ,VX11] and in iL s>1 / 2 (T) in [WinlO]. The global 

results hold for initial data with small L 2 (T) norm. For instance a standard procedure (see 
IG]) allows to globalize the local iJ^T) solutions provided that ||i/'o||l 2 (t) < 8 with 5 small 
enough, by using the conservation law f h 2 and the Gagliardo-Nirenberg inequality 

|M| 3 6(T) < IMIai(T) II' u IIl 2 (T) + 2^IM|ia(T) • (1-4) 

On the other hand this approach does not give the best possible value for S 1 which is still 
unknown. In particular in the case of DNLS on R the sharp Gagliardo-Nirenberg inequality 

2 

IMIl6(r) < “ll u llA 1 (R)ll' li lli 2 (R)) 

proved in [ 0482], gives the value S = -\/2tt/\P\ for global well-posedness | 1092, H093], which 
has been actually improved to <5 = 2^/tt/\/3\ in [Wul3, Wul5] by different techniques. We point 
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out that 5 = 2y / 7r/|/3| is also sufficient on T [ 1015]. All this results are originally stated for 
/3 = ±1, the case of general /3 can be easily deduced by using the transformation u(t,x) —>- 
\P\~ 1/2 u{t, iffE). 

The lack of well-posedness at low regularity makes hard to construct an invariant measure 
associated to the lowest order integrals of motion. For fh 2 the main issue is that there is no 
well-posedness in f% >0 Hi~ E (T) which is the support of the Gaussian measure with covariance 
I — A. A very delicate analysis is necessary to deal with this problem. In [N0R-BS1 ] the 
authors constructed a functional measure in the Fourier-Lebesgue space FL s,r ( T), r £ (2,4), 
s £ [1/2,1 — r -1 ), for which there is a local existence theorem [GH08]. They are able to prove 
the invariance of this measure with respect to the DNLS flow (studying in fact the gauged DNLS 
equation). Then in [NR-BSSI ] the study is completed, by proving the absolute continuity of 
this measure with respect to the Gibbs measure constructed in [TT10], which would be a more 
natural candidate for the invariant measure associated to the energy functional Jh 2 - Similar 
results for the DNLS equation have been obtained, with different methods, in [BTTL |. To the 
best of our knowledge, so far these are the sole known results for Gibbs measures associated to 
the DNLS equation. 


1.1. Set up and Main Result. The main goal of this paper is to construct Gaussian measures 
supported on Sobolev spaces with increasing regularity, associated to the integrals of motion of 
the DNLS. Let us introduce now the main objects we are going to deal with. 

As usual we denote by H k ( T), k £ Z+, the completion of C'°°(T) with respect to the norm 
induced by the scalar product 


(u,v) H k := ^(1 + \n\) 2k u n v n . 

n(=Z 


where u n are the Fourier coefficients of u. For every k £ Z+, H k { T) is a separable Hilbert space, 
and we note that H°(T) = L 2 (T). A function in H k (T) is represented as a sequence {u n } n ^i + 
such that X[|n|<jv(l + \n\) 2k \u n \ 2 is finite uniformly in A £ Z + . 

We also use the homogeneous Sobolev spaces H k ( T), defined as the completion of C'°°(T) with 
respect to the norm induced by the homogenous scalar product 

(it, It) jjk .— ^ [ Tl U n V n . 
nEZ 


Now we consider the Hilbert space L 2 (T). For any k £ Z+, let us denote by I + (—A) fc the 

closure in L 2 (T) of the operator 1 + acting on C°°(T). As it is well known this is a 

positive, self adjoint operator with a trivial kernel. Therefore its inverse (I — A fe ) -1 is bounded 
and moreover it can be shown that it is of trace class. 

In virtue of this last property we can construct a Gaussian measure on L 2 (T) as follows. We 
denote by e n = e mx the eigenvectors of I + (—A) fe : 

(I + (— A) k )e n = (1 + n 2k )e n . 

Since I + (— A) k is self-adjoint the set of its eigenvectors spans the space L 2 (T), and so each 
function u(x) £ L 2 (T) can be written as 

u(x) = ^2 u n e n , 

nEZ 
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that is nothing but Fourier series. We consider at first finite dimensional truncations, looking 
only at the components of the expansion for \n\ < N. We define 


1%{A) ■■= 


n 


|n|<Af 


vT" 


-,2k 


( 27 r)2N+i 


du-Ndu-N...duNduNe 2 ^M<-'v( 1 + n )l“"l 


to be the complex Gaussian measure of a set A C C 2N+1 . This measure can be extended in infinite 
dimensions following a standard method [Sko74, ZhiO ]. For any Borel subset B C C 2N+1 we 
introduce the corresponding cylindrical set in L 2 (T) as 


M n (B) = {u £ L 2 (T) | [u_at, U-n, ■ • •, un, «at] £ B} . 

Since I + (— A) k is of trace class, we can extend the Gaussian measure 7 ^ to L 2 ( T) functions 
by setting 7 /c(Mat) := 7 £ ( Mn ) and then using Kolmogorov reconstruction theorem. It can be 
verified that this defines a countably additive measure on L 2 (T). We refer to [Bog98, Sko74] for 
a more detailed presentation (see also Appendix A for some properties that will be used in the 
paper). We denote by L p k the Banach space of functionals F : L 2 ( T) — > C such that 


J d^ k {dip)\F{ip)\ p < 00 . 


For the ease of notation we simply denote as E[-) (instead of E 7fc [■]) the expectation value w.r.t. 
the measure 7 ^. Anyway the particular 7 ^ considered will be always clear from the context. 

For N > 1, we set En = span c {e mx | \n\ < N }, and we denote by Pn ■ L 2 { T) — > En the 
projection map onto the space En- Namely, for u = ')Z n ^u n e mx £ L 2 ( T), we have 

P N u~ J2 u ^ nX - (!- 5 ) 

|n|<JV 

When there is no confusion, we simply denote 

un '■= Pnu . (1-6) 

For ip £ L 2 (T), we show in Section 2 that 

Jh 2 k[ip\ = ^\\i’\\% k +Jqk[i>], k£ Z+, 

where Jqk is a sum of terms of the form 

J 

with l < 2k + 2, cti, jdi £ Z + and Y^i.ci a i + Pi < 2k — 1. 

Let now R > 0 , and let \R '■ R —> [0, 1] be a smooth function such that x = 0 £ M \ [—7?, +R] 
and y = 1 in [—i?/2, +R/2], For k > 2, let us fix R m > 0, for m = 0,..., k — 1. Thus we can 
define the density 

fc-i 

G fc , nW>) = ( II . (1.7) 

ra— 0 

The associated measure dp^^N is 


Pk,N{dip) = Gfe,Ar(^)7fc(di/>). 


The main result of the paper is the following: 


Theorem 1.1. Let k > 2 and Rq < V 91/31 sufficiently small. The sequence Gk, jv^) defined 
by equation (1.7) converges in measure, as N —> 00 , w.r.t. the measure 7 *,. Denote by Gkiffi) 
its limit. Then, there exists po(Ro, ■ ■., Rk- 1 , fc, |/3|) > 1 such that, for all 1 < p < po, Gki’ip) £ 
L p { 7 k) and Gk,N{ip) converges to Gk{ip) in L p { 7 *,). 
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Remark 1.2. The best range one should expect to obtain for Rq is the same of the global- 
wellpsedness problem, which at the moment is Rq < 2^J^. The fact that we only get Rq < 
is, as we have observed above, a limitation of the Gagliardo-Nirenberg inequality approach. 
Therefore one could presumably obtain the widest range 


0 , 2 y/j jgjJ by using different techniques. 

We point out that this could improve the absolute constant, while the behavior ~ 1/^J\f3\ seems 
to be a peculiar feature of the equation. 


As a consequence of Theorem 1.1, we obtain that the measures pt,N weakly converge, as 
N —> oo, to the Gibbs measures pk on L 2 ( T): 

Pk(dip) = Gfc(i/>)7/c(dV’) • 

Since each Gk is supported on a set of positive measure w.r.t. 7 *,, for every k > 2, pk is non 
trivial and absolutely continuous w.r.t. to 7 *. We choose the class observables associated to each 
of these Gibbs measure to be the functionals in . 

IK 


1.2. Strategy of the Proof. The first part of our proof relies on an accurate inspection of the 
algebraic structures of the integrals of motion of the DNLS equation. This has been done in 
Section 2. We use the Lenard-Magri scheme of integrability for non local Poisson vertex algebras 
to find out the following general structure of the integrals of motion: 

J h 2 k = ^Wi’W'pjk + ^/?( 2 fc + 1 ) / a remainder, k £ Z + , 

where we consider as remainder all the terms that we can estimate with a certain power of the 
H k norm. Note that this quantity is finite in the support of the Gaussian measure 7 

In Section 3 we show, under the L 2 smallness assumption, that the Sobolev norm H k of the 
solutions of the DNLS equation (1.1) stays bounded by a constant depending on the values of 
m = 1,..., k, integrals of motion. Therefore, when we introduce the cut off functions x 
in (1.7), we know that the H s norms, s < k — 1, are bounded a.s. in the support of the Gibbs 
measure pk,N uniformly in N. This allows us to prove in Section 4 that all the remainder terms 
converge point-wise in the support of pk,N as TV —> 00 , thus also in measure w.r.t. 7 *,. 

The terms J are estimated by the H k (T) norm, which is not finite in the support 

of 7 *;. Therefore they need to be treated separately. This is done by using a method outlined 
by Bourgain in [Bou96] (see also [BS96]), which is reminiscent of the works in quantum field 
theory in the ’70 [GRS75, Sim74]. Successively this approach has been exploited by Tzvetkov 
and collaborators in [TT10] for DNLS equation and in [TzvlO, TV13a] for the Benjamin Ono 
equation. 

In Section 4 we prove the convergence in L 2 ( 7 ^) of these terms as N — > 00 , employing es¬ 
sentially the Wick theorem. L 2 (p/k) convergence yields L p ( 7 *,) (p £ [l,oo)) convergence by a 
standard hyper-contractivity argument. This is enough to prove convergence in measure of the 
density. In Section 5 we ultimate our strategy showing L p ( 7 *,) boundedness of the density Gk 
for p £ [ 1, 00 ), provided that fhg is sufficiently small. Here we follow the nice ideas of [TzvlO], 
making use of some helpful properties of the measures 7 *, reviewed in Appendix A. 

From the L p {p/k) boundedness the convergence in L p [p)k) (and so the weak convergence) of 
the density easily follows. 

In the whole paper (except for Section 4) we are not concerned about the dynamics. However 
the measures that we construct are naturally expected to be invariant under the flow of DNLS. 
To prove this result, a careful analysis is required (as for instance in the case of the Benjamin-Ono 
equation [TV13b, TV14, DTV1 ]) which we leave to a forthcoming work. 
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Throughout the paper we write X < Y to denote that X < CY for some positive constant C 
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2. Structure of the integrals of motion of the DNLS equation 

In this section we recall briefly the theory of Poisson vertex algebras aimed at the study of 
the integrability properties of bi-Hamiltonian equations using the so-called Lenard-Magri scheme 
(see [Mag78, BDSK09, DSK13]). We use this formalism to describe explicitly the structure of 
the integrals of motion of the DNLS equation which will be used throughout the paper. 


2.1. Algebras of differential polynomials. Let V be the algebra of differential polynomials 
in £ variables: V = | i £ /, n £ Z+], where / = {1,..., £}. (In fact, most of the results hold 

in the generality of algebras of differential functions, as defined in [DSK13].) It is a differential 
algebra with derivation defined by d(u^) = u^ l+1 ' > . We also let K, be the field of fractions of V 
(it is still a differential algebra). 

For P £ V c we have the associated evolutionary vector field 


X P 


E ( 5 ” p >) 

J,nEZ_i_ 


a 

a»‘“>' 


This makes V £ into a Lie algebra, with Lie bracket [Xp,Xq] = A[p gj, given by 


[P, Q\ = X P (Q) - X Q (P) = D Q {d)P - D P (d)Q , 

where Dp(d) and Dq(8) denote the Frechet derivatives of P, Q £ V e (we refer to [BDSK09] for 
the definition of Frechet derivative). 

For / £ V its variational derivative is £ V®^, where 


8f_ 

Sui 


E(-») 

n£Z_|_ 


df 

d u\ n ^ 


( 2 . 1 ) 


Given an element £ £ V®*, the equation £ = can be solved for h £ V if and only if D^(d) is a 
self-adjoint operator: D^(d) = D|(d) (see [BDSK09]). 

For / £ V, we denote by // = / + dV, where dV = {dh \ h £ V}, the image of / in the 
quotient space V/dV, and we call it a local functional. Note that the integral symbol is motivated 
by the fact that V/dV provides a universal space where integration by parts holds, namely 

Jfdg = -Jgdf , for every /, g £ V . 

8 f f 

It is possible to show that Ker 4- = dV ® C. Hence, = -4^- = 0. Recall also that we have a 
non-degenerate pairing (• | •) : V £ x —> V/dV given by (P|£) = f P ■ £ (see [ SK09]). 

Given / £ V\C, we say that it has differential order n, and we write ord(/) = n, if 4 0 

for some i £ I and d f ■ > = 0 for all j £ I and m > n. We also set the differential order of 

du\ 
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elements in C equal to — oo. Let us denote by V n the space of polynomials of differential order 
at most n. This gives an increasing sequence of subalgebras C = V_oo C Vo C Vi C • • • C V such 
that dV„ C V n+ i. 

We extend the notion of differential order to elements in P £ V e as follows: 


ord(P) = max{ord(Pi),..., ord(Pfy} . 

We also define two gradings on V in the following way. First, we let deg be the usual polynomial 
grading of V defined by 

deg ?4"' ) = 1, for every i £ I, n £ Z + . 

On the other hand we define the differential grading on V, which we denote dd, by 

dd = n , for every i £ I, n £ Z + . 

This means that, given a monomial (i\,... , fy £ I , m,... ,rik £ Z+) 


.("lLA" 2 ) 


f = U h U i2 


( n k) 


G V, 


we have 

deg(/) = k , dd(/) = m H-h n k . 

Note that, for a homogeneous polynomial / £ V, we have 

deg(df) = deg(/), dd(df) = dd(/) + 1. (2.2) 


2.2. Rational matrix pseudodifferential operators and the association relation. Con¬ 
sider the skewfield /C((9 -1 )) of pseudodifferential operators with coefficients in /C, and the sub¬ 
algebra V[9] of differential operators on V. 

The algebra V(9) of rational pseudodifferential operators consists of pseudodifferential oper¬ 
ators L(d) £ V((d -1 )) which admit a fractional decomposition L(d) = A(d)B(d)~ 1 : for some 
A(d), B(d) £ V[91, Bid) A 0. The algebra of rational matrix pseudodifferential operators is, by 
definition, MsX M V{d) [CDSK13]. 

A matrix differential operator B{d) £ Mafy x ^V[<9] is called non-degenerate if it is invertible 
in Mafy x ^ /C((9 -1 )). Any matrix H{d) £ Mafy X f V(<9) can be written as a ratio of two matrix 
differential operators: H(d) = A(9)P _1 (<9), with A(<9),P(9) £ Mat ix.tV\d\, and B{d) non¬ 
degenerate. 

Given H(d) £ Mafy x t V(<9), we say that £ £ V®* and P £ V e are H-associated , and denote it 
by 

C^P, (2.3) 

if there exist a fractional decomposition H = AB~ X with A,B£ Mat^ x ^V[9] and B non¬ 
degenerate, and an element F £ IC e , such that £ = BF , P = AF [DSK13]. 


2.3. Non-local Poisson structures. A non-local Poisson vertex algebra is a differential algebra 
V endowed with a A-bracket {-a - } ; V x V —> V((A -1 )), where V((A -1 )) denotes the space of 
Laurent series in A -1 with coefficients in V, satisfying sesquilinearity (/, g £ V): 

{dfxg} = ~Hf\g} , {f\dg} = (A + d){f x g} , 

the Leibniz rule (/, g,h £ V): 

{fxgh} = {f\g}h + {f\h}g , 


skewsymmetry ( f,g £ V): 


{/as} = -{g-x-af}, 


admissibility (/, g,h £ V): 


{fx{gph}} £V[[X \/x 1 , (A + n) 1 ]][A,/i], 
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and Jacobi identity {f,g,h £ V): 

{hig^h}} ~ {M}} = ■ 

We refer to [DSK13] for the details on the notation. 

To a matrix pseudodifferential operator H = (iJy(d)j T £ Mat£ X e V((d~ 1 )) we associate a 
A-bracket, {• a -}h : V x V — > V((A -1 )), given by the following Master Formula (see [ K 1 3]): 

{fxg}H= J2 -^(A + Sr^CA + ^^A-ar-^ eVffA- 1 )). (2.4) 

ijei du ) du i 

m,nGZ+ 

For arbitrary H , it is proved in [BDSK09] and [ 'SK13], that the A-bracket (2.4) satisfies sesquilin- 
earity and the Leibniz rule. Furthermore, it has been shown that skewadjointness of H is equiv¬ 
alent to the skewsymmetry condition, and that, if H is a rational matrix pseudodifferential 
operator, then the admissibility condition holds. 

Definition 2.1. A non-local Poisson structure on V is a skewadjoint rational matrix pseudodif¬ 
ferential operator H with coefficients in V such that the corresponding A-bracket (2.4) satisfies 
Jacobi identity, namely, V endowed with the A-bracket (2.4) is a non-local Poisson vertex algebra. 

Two non-local Poisson structures H,K £ Mate x eV(d ) on V are said to be compatible if any 
of their linear combination (or, equivalently, their sum) is a non-local Poisson structure. In this 
case we say that ( H,K ) form a bi-Poisson structure on V. 


2.4. Hamiltonian equations and integrability. Let H £ Mat^ V(c?) be a non-local Poisson 
structure. An evolution equation on the variables u = {uj) i z , 


du „ n 

Tt= P&v 


(2.5) 


H 


P. 


P. 


( 2 . 6 ) 


is called Hamiltonian with respect to the non-local Poisson structure H and the Hamiltonian 
functional Jh £ V /dV if (see Section 2.2) 

Sh 
Su 

Equation (2.5) is called bi-Hamiltonian if there are two compatible non-local Poisson structures 
H and AT, and two local functionals Jho, Jh\ £ V/dV, such that 

Sh 0 h r . , Shi k 

ou du 

An integral of motion for the Hamiltonian equation (2.5) is a local functional J f £ V/dV which 
is constant in time, namely, such that (P |4£) = 0. The usual requirement for integrability is to 
have sequences {fh n } n ez + C V/dV and {P„} ra6 z + C V*, starting with Jh 0 = Jh and Pq = P, 
such that 

(Cl) P n for every n £ Z+, 

(C2) [P m , Pn] = 0 for all m,n £ Z+, 

(C3) {P m | ^f) = 0 for all m,n £ Z + . 

(C4) The elements P n span an infinite dimensional subspace of V'. 

In this case, we have an integrable hierarchy of Hamiltonian equations 

du 
dt„ 


= P n , n £ Z + . 


Elements fh n ’s are called higher Hamiltonians, the P„’s are called higher symmetries, and the 
condition (P m | = 0 says that Jh m and fh n are in involution. Note that (C4) implies that 
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element span an infinite dimensional subspace of V e . The converse holds provided that either 
H or K is non-degenerate. 

Suppose we have a bi-Hamiltonian equation (2.5), associated to the compatible non-local 
Poisson structures H , I\ and the Hamiltonian functionals fho, fhi, in the sense of equation (2.6). 
The Lenard-Magri scheme of integrability consists in finding sequences (J/i n } n£ z + C V/dV and 
{Pn}nGZ + C V e , starting with Pq = P and the given Hamiltonian functionals fho, fh\, satisfying 
the following recursive relations: 


Sh, 

Su 


n H 


Pr, 


K 


Sh 


n+1 


Su 


for all nfZj 


In this case, we have the corresponding bi-Hamiltonian hierarchy 


(2.7) 


du 

dt 7 


= Pn€V t 


n £ Z + 


( 2 . 8 ) 


all Hamiltonian functionals fh n ,n£ Z + , are integrals of motion for all equations of the hierarchy, 
and they are in involution with respect to both non-local Poisson structures H and K, and all 
commutators [ P m , P n ] are zero, provided that one of the non-local Poisson structures H or K is 
local (see [DSK13, Sec.7.4]). Hence, in this situation (2.8) is an integrable hierarchy of compatible 
evolution equations, provided that condition (C4) holds. 


2.5. A bi-Hamiltonian structure and integrability for the DNLS equation. Let V = 

C[a( n \M n ) | 

n £ Z + ] be the algebra of differential polynomials in two variables a and b. Some¬ 
times we will also use the notation a' = a^\ a" = a^ and so on (and similarly for the b^’s). 

Let H,K £ Mat 2 X 2 V((d -1 )) be pseudodifferential operators with coefficients in V defined as 
follows: 

(9 0\ _ / 2/3bd~ 1 ob — l — 2f3bd~ 1 oa\ 

H -{o d) and K - [l - 2Pad- 1 o b 2Pad- 1 o a J ’ 

where /3 £ C. Note that H(d) £ Mat 2 x 2 V[9] is in fact a differential operator. 

The following result have been proved in [ 3SK13]. 


Theorem 2.2. (a) There exist A(d), B(d) £ Mat 
K = A{d)B{d)~ 1 . Explicitly: 

- --doa—2(3ab\ 

n. n. 'I 


m = 


i 


2/3cr 


2X2 v[ 3 ], with B(d) non-degenerate, such that 


and B{d) 


(l 0 \ 

U -a d0a )' 


(b) ( H,K ) is a bi-Poisson structure on V. 

(c) There exist infinite sequences {/ h n } n ^i + C V/dV and {P n }ne%+ C V 2 such that the Lenard- 
Magri recursive relations (2.7) hold. 

(d) ord ) = n, for every n £ Z + . In particular, since H is non-degenerate, all the elements 
fh n ’s and P n ’s are linearly independent (see Section 2-4). 

In conclusion, by the discussion in Section 2.4, we get an integrable hierarchy of bi-Hamiltonian 
equations (2.8) and all the Hamiltonian functionals fh n , n £ Z + , are integrals of motion for all 
equations of the hierarchy. 


The first few elements in the series of the integrals of motion are 

fho = 7 ^/ (° 2 + b 2 ) > fhi = f(ab' + ^(a 2 + b 2 ) 2 ^ 

The corresponding Hamiltonian equations, given by (2.8), are 


da 

dt 0 

db 

dtn 


= a 


= b' 


■77“ =b" + (3 (a(a 2 + b 2 fj' 

dti x 7 

^ = -a" + /3 (b(a 2 + b 2 ))' 
at i 


(2.9) 
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Let us write if = a + ib. 
equation: 


Then, the first non-trivial equation of the hierarchy is the DNLS 


+iP (V#| 2 ) / ■ 


Let us consider /3 £ C as a formal parameter, and let us naturally extend the notion of 
polynomial degree and differential degree of V to the field of fractions /C and to K?. The following 
result is a consequence of the Lenard-Magri recursive relations (2.7) and the explicit form of the 
differential operators A and B. 


Proposition 2.3. For every n 6 Z + , the variational derivatives are polynomials in fj 

(with coefficients in V 2 ) of order n. Let us write 


Sh n 

Su 



Then, for every 0 < k < n, we have 


ord 



= n — k . 


Moreover, the components of k are homogeneous polynomials with respect to the polynomial 
grading (respectively, differential grading) of degree: 


deg (^)r a+1 


(respectively, dd ( 



Proof. The fact that the variational derivatives ’s are polynomials in /3 (with coefficients in 
V 2 ) of order n is true for n = 0,1 using equation (2.12) and the definition of variational derivative 
(2.1). Let us assume that has order n as a polynomial in /3, and let us write explicitly the 
Lenard-Magri recursion relations (2.7) using the formulas for the differential operators A and B. 
We get the following system of equations 


o/ \ r^5h n ir\bh n 

d(ag) = -ad— - bd—- 

xu xu Sa ° b 

on n+ 1 on r ! 2 

—-= a-n- - 2 f3a g 

xu Sa 
oh n+ 1 


5b 


= ~d— - 2(3abg , 

da 


( 2 . 10 ) 


where g £ K, and S € V have to be determined (we know the system can be solved by 
Theorem 2.2(b)). From the first equation in (2.10) and inductive assumption, it follows that g 
is a polynomial of order n in /?. Then, by the second and third equation in (2.10), it follows that 
—is a polynomial of order n + 1 in (3. 

Moreover, by Theorem 7.15(c) in [ >SK13], we have that ord ^ Sh f(( 1 ^ = ord(P n ). Recall that 
P n = H (^f). Hence, equating the orders of the coefficients of powers of /3 we get 


ord 


/ 5h n .|_i 
^ Su 


=ord ( H (^r)J =n+1 -* : - 


In the last equality we used the fact that dV n C V n +i- The last part of the proposition follows 
by a simple inductive argument using equations (2.2) and (2.10). □ 
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Remark 2.4. By the first part of Proposition 2.3, we can write h n as a polynomial in /3. By the 
second part, using the definition of variational derivative and equation (2.2), we get that 

n 

K = Y J h mkP\ ( 2 . 11 ) 

fc =0 

where h n ^ £ V are homogeneous differential polynomials such that deg (h nt k) = 2k + 2 and 
dd (h n ,k) = n — k. 


2.6. Explicit structure of the integrals of motion of the DNLS equation. Let us define 
a sequence {£ ra }nez + C V 2 as follows: 

V + (3a(a 2 + b 2 ) 


£o = 

and, for n > 1, we set 

&2n = (-1) 


= 


-a' + (3b(a 2 + b 2 ) ’ 


a (2n) - (2 n + l)/3(a 2 + b 2 )b^ 2n ~ 1 '> + r% 
b^ + (2 n + l)/3(a 2 + 6 2 )a( 2n -^ + r\ 


b > 


a £ 2 ra+l ^2n+l 


(-1 ) n+1 d(aa^ n) +bb^ 2n A 
- (—l) n (2 n + 1)08 ((a 2 + & 2 )(a& (2n " 1} - a (2n 


G V 2 ra-1 


(b) 


(c) 


(d) 


<2n - bC 2n - (-l) n d (ab( 2n -V - 
- (—l) n (2n + 1 )(3d ((a 2 + & 2 )(aa< 2n - 2 > + bb^ 2n ~ 2 ^ £ V 2n _ 2 

a a 2n+1 - ddL ~ (—l) n 2/3a (aa™ + &&( 2n >) £ V 2 „_r, 

&+1 + ^2 a n - (-l) n 2/3fe ( aa < 2 "> + 66^) £ V 2n -i . 

- d^n-i - (—l) n+1 2/3a (aft* 2 "" 1 ^ - £ V 2 „_ 2 


& + ^ 2 a „_i - (-l) n+1 2/3 b (a^ 2 - 1 ) - a*- 2 " 

Proof. Straightforward. 

Let us also define a sequence {Pri} n ez + C V 2 as follows: 


G V 2ra - 2 ■ 


Pn = //^,. = 


a# 


( 2 . 12 ) 


. 1 ',n/^ 2n+1 )+2/3a(aa (2T d+6&( 2r d) + (2n+l)/3(a 2 + 6 2 )a( 2, d+r 2rl+1 \ 

s2n+i - 1- j (_ a ( 2 n+i) + 2 /36(aa( 2ri )+ 6&( 2n >) + (2n+l)/3(a 2 + 6 2 )&< 2l d +r ^ n+ J 

where r f„ G V 2n _ 2 and rf n+ i G V 2n _i, for x = a or b. 

/ f a \ 

Lemma 2.5. Let us denote f n = ( ^ J £ V 2 , for every n £ Z+. TTien we have: 

(a) 


□ 


Lemma 2.6. For every n £ Z+, t/iere exists F n £ /C 2 swc/i that: 
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(a) P 2n - AF 2n G Vfn-i and t, 2n +i - BF 2n G Vf Tl _ 1 / 

(b) P 2n +i — AF2n+\ G v| n and (, 2n + 2 — BF 2n+ 1 £ V| n - 


Proof. For every n £ Z+, let us consider 


= 


P a 

Sn+l 
/n + {Jr 


£ K. 2 


where 


/2n — 
f 2 n+l 


(- 1 ) 


n+1 gg( 2n > +&6 (2n) | , lWo _ , 1 , 0 (a 2 + 6 2 )(g6( 2n " 1 )-g( 2ri - 1 )6) 


+ (—l) n (2n + l)/3- 


= (-l) 


n+1 


j&(2n+l)_ a (2n+l) & 


+ (—l) n+i (2n + 3)/3 


(g 2 + b 2 )(aa^ 2n ^ + bb^ 2n ' > ) 


and g n £ V n - 2 . Then, using the definition of the differential operators A and B given by Theorem 
2.2(a), it is straightforward to check that part (a) follows from Lemma 2.5(a) and (c), while part 
(b) follows from Lemma 2.5(b) and (d). □ 


Proposition 2.7. Let {fh n } ne z, C V/dV be the sequence in Theorem 2.2. 
n £ Z+, we have 


Sh n 

Su 


G V 2 n _ 2 . 


Then, for every 


Proof. By equation (2.9) and the definition of variational derivative (2.1) it follows that 
for n = 0,1. Hence, by Theorem 2.2(d), in order to prove the proposition we need to show that 
the sequence {^ n }nGZ + C V 2 satisfies the Lenard-Magri recursive relations (2.7) up to elements 
in V„_ 2 - This follows by definition of the association relation (2.3), the definition of the sequence 
{Pn}ne z+ C V 2 and Lemma 2.6(a) and (b). □ 


Corollary 2.8. For every n £ Z + we can assume that the conserved densities h 2n £ V, defined 
by Theorem 2.2, have the form: 

h 2n = i ((g (n) ) 2 + (& W ) 2 ) + (2 n + l)/3 (g 2 + b 2 ) + R 2n , 

where R 2n £ V„_i. 

Proof. It follows by Proposition 2.7 and the definition of the variational derivative (2.1), using the 
fact that dVk C Vfc+i, for every k £ Z+, and that the variational derivative of a total derivative 
is zero. □ 


2.7. Changing variables. Let V c be the algebra of differential polynomials in two variables ip 
and ip. We have a differential algebra isomorphism V V c given on generators by 

ip + ip . ip —ip 

a — —^— , o = —-— . 

2 2 i 

Clearly,the inverse map is given by ip = a + ib and ip = a — ib. (In the usual analytical language, 
if a and b are real functions, then we want to consider them as the real and imaginary parts of 
the function ip.) 

The differential order, the polynomial grading and the differential grading of V and V c are 
compatible under this isomorphism. Hence, all the results in the Section 2.5 hold true for 
iFn. £ (V' c ) 2 (by an abuse of notation we are denoting with the same symbol an element in V 
and its image in V c ) Moreover, we can restate Corollary 2.8 as follows. 
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Corollary 2.9. For every n £ Z + we can assume that the conserved densities /i 2 n £ V c , defined 
by Theorem 2.2, have the form: 

h 2 n = + (2n + 1 ) i / 3^(n)^(n- 1) ^ + ^ , 


where R 2 n £ V.J^_ . 

Proof. Clearly, (a*-"-*) 2 + (ft( ra )) 2 = for every n £ Z + . Moreover, we have 

(a 2 + 6 2 )a (n_1) & (n) = ^ C*.)^ ( n-i)^ _ ^(n)^(n-!)^ + ^(n)^("-l)^, _ _ 

(2.13) 

Note that, integrating by parts, we have 

1)^ = _^(n-l) 9 (^(n-l)^) mod £y = 1)^ + y) mod gy , (2. 14 ) 


where / G Moreover, again using integration by parts, we have 

^(n)^(n- 1 )^ = mod <9V = (-^("tyC"- 1 ^ + 2g) mod dV, 


with g G . Then, 


1)^ = j mod w (2.15) 

Similarly, we get that 

^(n)^(n-l)^, = h mod av (2.16) 

for some ft, G Combining equations (2.13), (2.14), (2.15) and (2.16) the proof is concluded. 

□ 


We want to give a description of the conserved densities ft 2 ra £ V c which will be used through¬ 
out the rest of the paper. 

Let V be the algebra of differential polynomials in one variable u. Let us denote by 

V c -A V (2.17) 

the differential algebra homomorphism defined as follows: given / G V c , we denote by / £ V the 
differential polynomial obtained by replacing if and i/S by u (and their n-th derivatives by u( n ' > ). 
Note that V inherits the polynomial and differential grading of V c . 

Recall, by Remark 2.4, that we can write the conserved densities as in equation (2.11). Then, 
by Corollary 2.9, we have that 

h2n,0 = \lf {n H {n) , (2.18) 

and 

h 2 n,i = ( 2n + + ^2 C2nip)p , (2.19) 

pG-P 

where Ck(p ) G C (they can be possibly 0) and 

P = {p G V c | p = u^ n ~ 1 ^u^ ni ' > u^ n 2 ^u^ n3 ^ , ni + ri 2 + 113 = n , 0 < 713 < 7i2 < ni < 77 — 1} . (2.20) 
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3 . Control of the Sobolev Norms 


The goal of this section is to show the persistence of regularity of small solutions of DNLS 
equation (1.1), using the higher Hamiltonians introduced in Theorem 2.2. 

For every k £ Z+, we denote 

Ek = J h2k ■ 

By equations (2.11), (2.18), (2.19) and Corollary 2.9 it is possible to write 

E k = ^\\ip\\irk+fqk, (3-1) 

where 

2k 

q_k := ( 2fc + 1 + /? ^ c 2 k{p)p + ^2 P mtl2k <m ■ (3-2) 

pGP m = 2 

We recall that dd (hk,m) = 2k — m and P is defined in (2.20) . 

Remark 3.1. Note that using Proposition 2.7 (and recalling equation (2.11)) it is possible to 
write 

2fc+l 

/w = ■)jv>^ +1 > + V r! h 2/c+l,m • 

m —1 

Differently from the case of the constant term in /? of the above equation has no definite 

sign and, in particular, it does not coincide with ||V , ||#fc/ 2 . 


The main result of the section is the following 


Proposition 3.2. Let k £ Z + . For every 0 < m < k let us fix R m > 0, assuming Ro 
There exists C = C(Rq ,..., Rk, k , |/3|) such that if 



\Em[ip]\<Rm, for any m = 0,...,k, 


then 


HV'llfffc < c. 


(3-3) 


To prove Proposition 3.2 we need some preliminary results. 

Lemma 3.3. Let k > 2 and u £ H fc_1 . For l > 5 and > 0 (i = 1,... 1) such that aqH - |-cq < 

2k — 2, we have 




,(«i) 


,(«i) 


< 




H k- 


(3.4) 


Proof. We reorder the terms in the integrand in the l.h.s. of (3.4), such that oi > «2 > • • • > a;. 
Furthermore, using integration by parts, we may assume that 

ai,a 2 <k—l, and a, < k — 2 , i = 3,...,l. (3-5) 

By the Holder inequality and the first condition in (3.5) we get 

i 

i —3 

Using the embedding Ft 1 L°° and the second condition in (3.5) we have (for all i = 3,..., l ): 

ll« (Qi) IU~ <ll« (ai) llffi <Nk— (3.7) 

The inequality (3.4) follows combining the inequalities (3.6) and (3.7). □ 


fu (ai K..u (ai) 
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Lemma 3.4. Let k > 2 and u £ H k 1 . Let also a± > a 2 > 0:3 > 0:4 > 0 be such that 
ol\ + a 2 + CI 3 + aq = 2k — 1. For a\ = k — 1 and 02 , « 3 , aq < fc — 1, we /iaue 

< ■ 




(fc - 1 ) w ( “ 2 )n (a3) u ( “ 4) 


Proof. Same as the proof of Lemma 3.3. 

Lemma 3.5. Let k > 2 and let u £ H k . Then 

Ju^u^-^u 2 < e\\u\\ 2 kk + C{e)\\u \\% k -- L , 

for all e > 0 . 

Proof. By using the Holder inequality and the embedding H 1 s> L°° we get 


□ 


JuWuV'-Vu 2 




□ 


The proof is concluded by applying the Young inequality in the last expression. 

Corollary 3.6. Let k > 2 and c(k) > 0 a constant depending only by k. For every if £ F[ k and 
e > 0 , we have 

l/ftWOl < c(fc)e||V’||^ +C, (3.8) 

whereC = C(\\ip\\jjo, HV’ll^-i> £, k, \/3\). 

Proof. Let us focus on the representation (3.2): 

{2k + 1 )i a - 


2 k 


Qk{i>) = 


1)^ + /3 ^2 C2k{p)p + 53 f3 m h 2 k,m ■ 
pGP m = 2 


The Lemma 3.3 and the fact that \ip\ = \ij)\ allow us to bound (through the homomorphism 
defined in (2.17)) 

\fh k ,m\ <C(Mjjo,IMItf*-i,fc) 5 (3-9) 

for all m = 2,..., 2k. Similarly, Lemma 3.4 implies 

\Jp\ <C{\\if\\fjoA\^\\Hk-i,k), (3.10) 

for all p £ P. Finally, Lemma 3.5 gives 

|/^( fc) i/> (fe - 1) ^| < e\M% k + C{e)^u\\ 6 H k-i. (3.11) 

Combining the equation (3.2), the inequalities (3.9), (3.10) and (3.11), the estimate (3.8) 
follows. □ 

Lemma 3.7. Let if £ id 1 and let us denote Rq = ||i/;||p 2 . Then 

1 


l / V ’ VV ’ | < ^H\\ 2 hiR 2 o + 0 ■ 


Proof. By the Holder inequality 


I ip-ifif 2 ] < HV'llijiIIV , 3 IU 2 = UWmMlh ■ 


Using the Gagliardo-Nirenberg inequaltity (1.4) we get 

1 

27T 

Furthermore, using the Young inequality we have 


MrnMl* < ^ 


p3 

H iri 0 ' 


1 

27r 


f-P-R'o — 


1, 


12 p2 

1 Hi 


1 


Rti 


H 1 0 ' 87T 2 ° ' 


Combining (3.12), (3.13) and (3.14) the proof follows. 


(3.12) 

(3.13) 

(3.14) 

□ 
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Now we are ready to prove Proposition 3.2. 


Proof of Proposition 3.2. We prove (3.3) by induction on k. For k = 0, there is nothing to prove, 
since Eo{if) = 1/2 ||i/>||| 2 (equation (1.2)). 

For k = 1, by equation (1.3) we can write Ei(ip) = l/2||i /’||^. 1 + / qi(ip), where 

- - B 2 

fl iW0 = — Pf'ip'iptp 2 + ■ 


Hence 


3 i 


^U\\ 2 hi = E M) - fn WO < E iW - -j/3/V’V^’ 2 

By Lemma 3.7 and choosing Rq < gyp y we obtain 

^/3/VA /^ 2 < \UW 2 hi + ■ 


(3.15) 


(3.16) 


Thus, by (3.15) and (3.16), it follows that 


1 


% L < \E 1 \ + —R%=:C(Ro,Ri). 


This proves (3.3) in the case k = 1. Let us assume that equation (3.3) holds for k > 2, namely 

IIV’II H k <C(R 0 ,...,R k ,k, |/3|), 

and let us show that it holds for k + 1. By equation (3.1) and Corollary 3.6 we have 

\\\^W 2 Hk+i < {Ek+iWl - fqk+i(i> ) ^ 17 ^ 

< R k+ 1 +c(k)e \\if\\% k+1 +C{\\if\\jjo, \\ip\\H*,e,k,\P\) ■ 

On the other by the inductive assumption we have 

C(||i/’|| i jo, |/?|) =C{Ro, ■ ■ .,Rk,e,k,\fi\). 

Hence, from (3.17), choosing e < l/4c(fc), we get 

\\\i>W%k+-L < C(Ro,...,Rk,Rk+i,k + l,\P\), 


thus proving the equation (3.3) and concluding the proof. 


□ 


4 . Convergence of the Integrals of Motion 

In this section we study the convergence of Gk,N{ip) defined in (1.7) with respect to the 
Gaussian measure jk- The main result is given by the following 

Proposition 4.1. Let k > 2 and 1 < m < k. Then f qmif-’N) converges in measure to J 
w.r.t. the Gaussian measure d'jk- Furthermore, if 1 < m < k, then E m (ipiy) converges in 
measure to E m (ip) w.r.t. 7 *,. 

As a consequence, by composition and multiplication of continuos functions, we obtain 

Corollary 4.2. The sequence Gk,N{if) converges in measure, with respect to 7 k , as N -A 00 , to 
a function which we (already) denoted Gk(ip). 

We split the proof of Proposition 4.1 in several steps. 
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Lemma 4.3. Let k >2, and let a\ > cm > cm > aq > 0 6 e such that cm + cm + ci 3 + CI 4 = 2fc — 1. 
for cm = k — 1 and cm, 0 * 3 , aq < k — 1 , we have 

lim Ju^u^u^u^ = f u^ k ~^ u^ 012 ^ u^ 013 ^ u^ a4 \ 

N—>oo 

almost everywhere with respect to the measure 7 *,. 

Proof. We have 

| fu^u^u^u^ - < Ai + A 2) 

where 

Ai := |/(4 _1) - « (fc - 1) )u^ 2) ^ 3) «^ 4) I, A 2 := - u M u («3) u («4))| 

by using the embedding H 1 L°° and mat 7 u in H k ~ 1 , 7 fc-a.s. we immediately see that 

Ai —>■ 0, 7 fc-a.s.. Then we notice that 

A 2 < B\ + i ?2 


where 

B x := \ju^~ 1 \u^ ) - n (Q 2 ) )n^ 3 ) n^ 4) |, S 2 := \fu^~ 1 '>u^\u^u^ - n^ 3 ) n^ 4) )| 
and as before B\ -A 0, 7 *-a.s.. We finally notice that 

-B 2 < Ci + C 2 


where 

Ci := |/u( fc - 1 ) u (“ 2 >(u(“»> - n^ 3 ) )n ( “ 4) |, C 2 := |/u( fc - 1 )u(“ a >u£ 3 ) (u(“* ) - n^ 4) )| (4.1) 

and as before both Ci, C 2 —t 0 , 7 fc-a.s., which completes the proof. 

□ 


Lemma 4.4. For k > 2, l > 5, and a, > 0 (i = 1,. .., l) such that 0 < cm + • • • + cq < 2k — 2, 
we have 

lim fu^ «(“«), 

iV—>-oo 

almost everywhere with respect to the measure 7 *,. 

Proof. As in the proof of Lemma 3.3, by reordering and integration by parts we can reduce to 
the case 

ai,a 2 < k — 1, and cm < k — 2 , i = 3,..., l. 

Then the proof is the same of Lemma 4.3. 

□ 


Let l £ Z+. We denote by Si the group of permutations on l elements. In the sequel we use 
the following version of the Wick formula (we refer to [ !ai73] or to [ S75, Sim ] for more 

details). Let (mi,..., mi, n\,..., ni) £ Z 2i . Then we have 


E 


1 

niM* 

3 = 1 


1 


= zn 

ctGSj 1=1 


M 0 


(i + KcqH 2 ’ 


(4.2) 


Let us denote by 


/aO) : = JVaVa ■ 


(4.3) 
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Proposition 4.5. Let k > 2. The sequence {/)v}AeZ + is a Cauchy sequence in L^ k , for all 
s < k — 1/2. Indeed, for all N > M > 1, we have 

IIA -/IK < ^7- 

Proof. By an explicit computation we get 

/a wo = * 


where 

A/v := {(mi, m 2 , ni, n 2 ) G Z 4 | |m*|, |m| < JV, m + n 2 = mi + m 2 } . 

According to our convention, the labels to, (respectively nf) are associated to the Fourier coeffi¬ 
cients of if (respectively if). Moreover we define 


A n ,m ■= {(m 1 ,m 2 ,ni,n 2 ) G A N , max(|mi|, |m 2 |, |rci|, |n 2 |) > M} . 


Thus 

/aWO -/mW=* n l m 'l~ 1 ^rn3m2^n 1 lfn 2 ■ (4.4) 

An,m 

Taking the square of equation (4.4) we get 

4 

I/a WO - /mWOI 2 = 53 n l m l _lm 3 n 3 _1 II , 

An,mxA' nm j =1 

where 


A'jy := {(m 3 , m 4 ,n 3 ,n 4 ) G Z 4 | |m®|, |n»| < AT, m 3 + m 4 = n 3 + n 4 } , 
A' NjM := {(m 3 , m 4 , n 3 , n 4 ) G | max(|m 3 |, |m 4 |, |n 3 |, |n 4 |) > M} . 
By definition of the measure 7 * we have 


II/m - fwWh = E 


±n,m*A' nm 


-[ipmjlpn 

1=1 


By using the Wick formula (4.2) with l = 4, equation (4.5) becomes 

„ = > n?mr i m K 3nr L > I I - ^ 

7 k 


T(i) 


II/m ~ /a Ilia — E n l m l lm 3 n 3 1 E II (! I \ n |fc)2 ■ 

Av.mxA' ff eS 4 i=l A + FaWlJ 


(4.5) 


(4.6) 


Let us consider the subgroup G = {1, (12), (34), (12)(34)} C S 4 and its action on S 4 by left 
multiplication. For X C S 4 , we denote by G • X = {gx \ g G G,x G X} the orbit of the 
subset X. We have the following partition of S 4 = W\ U W 2 U W 3 , where W\ := G • {1} = G, 
W 2 := G-{(13), (14), (23), (24)} and W 3 := G-{(13)(24)}. Hence, we can further rewrite equation 
(4.6) as follows: 


3 


II/m -/a II2= =E 


E 

’ 1 A' n m 


n l n cj( l) n 


fe-i fc 
U a(3) 


creWi 


nE(i 


| fc \2 


(4.7) 


where the subsets of indices A l N M will be presented case by case. 

We consider the three contributions to the sum in (4.7) separately. 
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First case: i = 1. We have 

A n,m = {(ni,n 2 ,n 3 ,n 4 ) G Z 4 | \m\ < N , max(|ni|, |n 2 |) > M , max(|n 3 |, |n 4 |) > M}, 
and the contribution to the sum in (4.7) is 



„2fc-l_2fc-l 


,k^k-12k-l 


2 k-lk-lk 


n 


n-A 


+ 


„kr>k—l^k—l^k 


m=i(i + Kf ) 2 m=i(i + Ki fe ) 2 m=i(i+N fc ) 2 n- = 1 (i+M fc ) 2 


(4.8) 

The sum in (4.8) is zero. In fact, all the functions involved in the sum are odd functions with 
respect to the transformation n\ —> —n±, n 2 —> —ri 2 while the index set A l N M is invariant. 


Second case: i = 2. In this case we have 


a n,m = {(ni,n 2 ,n 3 ) G Z 3 \ \m\ < N , max(|ni|, |n 2 |) > M, , max(|m|, |n 3 |) > M}. 


Similarly to the previous case, the contribution in the sum (4.7) corresponding to a permutation 
<7 G W 2 which fixes 1 (respectively 3) is zero since the summand is odd with respect to the 
transformation ni —> —n± (respectively n 3 —> —n 3 ) while the index set A 2 N M is invariant. The 
summands corresponding to the remaining elements in W 2 have the following form 


E 


(1 + lrnH 4 (l + |n 2 | fc ) 2 (1 + K| fc ) 2 


(4.9) 


where a 2 , a 3 G {0, k — 1, fc}, a 3 + a 2 + a 3 = 4k — 2 (hence 2k — 2 < a\ <4 k — 2). So, by a 
straightforward computation, we have (we remind that we are considering k > 2) 


(4-9) < ^ 

max( | ni |, | ri 2 1) > M, 
max(|ni|,|n 3 |)>M 


n 


a 1 
1 


n 


a 3 
3 


(1 + M fc ) 2 (1 + K| fe ) 2 (l + |n 3 | fc ) 2 



(4.10) 


Third case: i = 3. We have 


a n,m = {(« 2 ,n 3 ,n 4 ) G Z 3 | \rii\ < iV,max(|n 3 + n 4 - n 2 |, |n 2 |, |n 3 |, |n 4 |) > M} . 


Two summands in (4.7), corresponding to the elements (13)(24) and (1423) in W 3 , have respec¬ 
tively the following form 


E 

A 3 

^N,M 


( n 3 + n 4 - n 2 ) 2k 1 n 2 3 k 1 ' ) 1 

(1 + | n 3 + n 4 - n 2 | fc ) 2 (1 + |n 2 | fe ) 2 (1 + |n 3 | fe ) 2 (1 + |n 4 | fc ) 2 


E 

A 3 

^N,M 


(n 3 + n 4 - n 2 ) 2k 1 n 3 1 n k 1 

(1 + |n 3 + n 4 - n 2 | fc ) 2 (1 + |n 2 | fe ) 2 (1 + |n 3 | fe ) 2 (1 + |n 4 | fc ) 2 ' 


We can bound these terms as 


(4.11) 

(4.12) 


< 


< 


E 


2(fc-l) 


< 


max( | rt 2 I, I "31,1 1) >M/3 


(1 + \n 2 \ k ) 2 (1 + \n 3 \ k Y (1 + |n 4 | fe ) 2 ~ M ’ 


E 


k-1 


k-1 


< 


max(|ri2|,|n3|,|n4|)>M/3 


(1 + \n 2 \ k ) 2 (1 + |n 3 | fc ) 2 (1 + |n 4 | fe ) 2 ~ M k 


(4.11) 

(4.12) 

(4.13) 

(4.14) 
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The other two terms correspond to (14) (23) and (1324). They can be estimated respectively as 


E 

A 3 

^ N,M 

E 


(n 3 + n 4 - 

n 2 ) k 

n k 

n 3 ~ 1 

7l 4 1 

< 

1 

(1 + |n 3 + n 4 

- n 2 \ k : 

) 2 (i + K | fc ) 2 

(l + |n 3 | fc ) 2 

(1 + |n 4 | fe ) 2 

M k ~ 1 ’ 

(n 3 + n 4 - 

n 2 ) k 

n 2~ 1 


1 

< 

1 

(1 + |n 3 + n 4 

- n 2 \ k ] 

) 2 (1 + \n 2 \ k ) 2 

(l + |n 3 | fc ) 2 

(1 + |n 4 | fe ) 2 

M fc -! ‘ 

recollecting all the contributions given by (4.10) and (4.13-^ 

1.16) 

, we see 


(4.15) 

(4.16) 


ately that, for k > 2 , we have 

thus concluding the proof. 


Il/iv ~ ImWl 2 ~ tt ’ 
"tk M 


(4.17) 

□ 


We can extend the estimate (4.17) to all the L P (H S , 7 fc)-norms, with p > 1. For 1 < p < 2 it is 
trivial, since is a probability measure. For p > 2 we have to use the properties of the Gaussian 
measure. For any r—linear form T r ('0), a direct application of the Nelson hypercontractivity 
inequality [Nel73], as shown for instance in [Sim74, Theorem 1.22], yields 

11 * 1 ^ <(p-l)S||*l iV 

This leads us to the following 

Corollary 4.6. For all p > 2 and N > M > 1, we have 

II/mW - /&MII w, 7fc ) < . (4.18) 

Corollary 4.7. Let k>2, then fqk, 2 k-i(jpN) converges in measure to w.r.t. 7 ^. 

Proof. It follows by the explicit form of f qk, 2 k -1 given in Corollary 2.9 and by Proposition 4.5 
and Lemma 4.3. □ 


Finally we can prove Proposition 4.1. 

Proof of Proposition f.l. The explicit form of f qk given by Corollary 2.9, Lemma 4.4 and Corol¬ 
lary 4.7 imply that Jqmi'f’N) converges in measure to f q m (ip) w.r.t. 7 for 1 < m < k, k > 2. In 
addition, Proposition 3.2 ensures that as long as 1 < m < k we have ||i/’jv||n m < C iV-uniformly, 
thereby it converges to H^H^m a.e. w.r.t. 7 ^,. □ 


5 . Proof of Theorem 1.1 


In this section we conclude the proof of Theorem 1.1. First, we state a useful technical lemma 
that we borrow from [TzvlO, Proposition 4.5]. We report the proof for the sake of completeness: 

Lemma 5.1. Let (Ll,S,p) a finite measure space. If there are C,r > 0, and an integer po > 0, 
such that for every p > po we have 

\\F\\ p <Cp r , 

then there exist 0 < 8 < re -1 and a constant L = L(r, S,po) such that 


dp exp 


J£[ 

c 


< L. 


(5.1) 
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Proof. We expand 


Thus 


exp 



= £ 

n€E Z_|_ 


n\ 


m" 


dfi exp 



< 



n£Z_|_ 


£ 

n<por 


S n mtr 

n! C n ! r 



n>p 0 r 


£ 

n<por 


S" \\F\Cr 

n\ C n / r 


Li(r, 6,p 0 ), 


where the constant Li(r, <5) is finite for S < re . For the finite sum we readily have 


hence 


ii^id: < wnt < 


£ 

n<por 


S n WFWn'/l 

n\ C n / r 


Xn 

< £ -^Po ='■ L 2 {r,6,p 0 ). 

n<por 


The constant L 2 is always finite, so we can set L = L\ + L 2 and the assert follows. 


□ 


Remark 5.2. The exponent 1/r in (5.1) is optimal: the formula remains valid for each a < 1 jr 
and fails otherwise. 


By using Lemma 5.1 and Proposition 4.5 we can deduce that we have a sub-exponential tail 
for the convergence in probability of the Cauchy sequence f defined in equation (4.3). 

Lemma 5.3. Let N > M > 1 be integer numbers and f^ defined as in (4.3). Then for any 
A > 0 and k > 2 we have 

— M 1/4 j . (5.2) 

Proof. By formula (4.18) in Proposition 4.5 we can apply the Lemma 5.1 with F = f^ — f^, 
Po = 2, r = 2, C = 2/yfiM and <5 = 2/3. We immediately obtain 


fu\ > A 2 ) < exp 


Tk(dif) exp 



/m Iv^ j 


1/21 


< OO . 
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Formula (5.2) follows straightforwardly from Markov inequality: 
lk(\f k N -f k M \>\ 2 ) = Tk 


< exp I — 


V 2 - V2 ) 

2 AMV 4 \ 


3 y/2 J 


exp 


2 \VM\f%-f k M 


< exp 


(-1^) =-(4—) 


□ 


Now we come to the most important result of this section, namely the integrability of the 
density Gk,N{ip) w.r.t. the Gaussian measure 7 *,. More precisely we state: 

Proposition 5.4. Let C = C(Rq, ..., Rk—i, k, \/3\) be the constant appearing in Proposition 3.2 
and let us take Rq < \Ra T such that 


Po := min (2(3(2fc + l)|/3|y / C^§) \(i( 2 k + lMR 0 c) ') 

Then for any k > 2, 1 < p < po and N > ( 2fc ^ l ~ 1 |/3 |) 2 RqC 2 we have 

\\Gk,N(4>)\\LP(j k ) <C< + 00 , 

where Gk^ixf) are the Gibbs densities introduced in (1-7). 

The proof needs two accessory results: 

Lemma 5.5. For every p > 1 and k > 2, we have 


> 1 . 


||Gfe,Ar(V’)llz,p(7fe) < e ° 


k-x 


I XRm (fhm(i>N)) e fN ^ 1 ' 


m —0 


i p (7 fc) 


Proof. The lemma follows as a direct consequence from Corollary 2.9, Lemmas 3.3, 3.4, 4.4, 4.3, 
and Proposition 3.2. □ 


Lemma 5.6. For A > Rny^lV we have 


Ik ( sup 




> A | < N 2+2k e~$ . 


Proof. The proof follows from Propositions A.5 and A .8 for quadratic forms in Appendix A. 
Expanding in Fourier series we see that 


Qn{x) ■- \ip^ (x)if N (x)\ = 




k„i(h-j)x 


i’hi’j 


\j\,\h\<N 


is a quadratic form in the Fourier coefficients of ip and it fulfills the requirement (A. 5) in Propo¬ 
sition A.5, with Tfc < 1. Hence, for each x £ T we obtain 


7 k ( 1 pP(x)lp N (x) 


> A <e“ , 
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for all A > 0. Moreover, for any x, y £ T, by the Cauchy-Schwarz and Bernstein inequality 


\Qn(x) — Qn(v)\ = 


QN(z)dz 


< \Z\ X ~ vIWQnWl* 

< V\ x ~ vWWQnWli 

< V\^V\Ni+ k R 2 0 . 

Therefore we can apply Proposition A .8 with a = \ and Lm = Ni +k R q to get for any e > 0 
and A > Ni+ k Rly/e 

e -A / 4 


7 k \ sup 


^ { N (x)-tp N {x) 


> A < 


□ 


We recover the assert by setting e = j\r~ 2 ~ 2fc . 

Now we can give the 

Proof of Proposition 5.4 . Let us set for brevity a := i 2 ^ 1 /3. By Lemma 5.5 we have to estimate 


/i-)-oo / k —1 \ 

/ tP ~^ k IT Xfl™ (Jh2m(il>N)) > t dt . 

Jo \m=0 ) 


(5.3) 


We use 


f k -1 


7fe n (Jh2mU> N )) > t J 

\m —0 / 

(k -1 _ \ 

7 fe( U XRn, {fh 2 m(ipN)) ^N*i>N > t ) |//i 2 to (h/;j V )| < i? m ,0 < m < fc - 1 


0 


< 7fc 


S^N^N ^IvVW > y-J ,\Jh2m('4’N)\ < Rm, ,0 <m < k- l) . 


lnt 


It is convenient to split the integral in (5.3) into three parts: 

f>exp(cr 2 R„C 2 ) ^exp(|<T|RQCv5V) r+oo 

(5.3) = 


^exp^cr pLqU j pexp{\a\ it^uviv j /* 

/ (•) + / (•) + / 

^0 J exp(<r 2 R$.C 2 ) ie: 


exp(a 2 i?^C 2 ) 

2 p6 /? 2 

For t < e a it suffices to use the trivial bound 


/ exp(|cr|i?QCvW) 


(■)■ 


(5.4) 


7 k 


fi’N^N ^V’JvV’AT > y-J ,\I h 2m(tpN)\ < Rm ,0 <171 < k - l) <1. (5.5) 


lnt 


In the range ct 2 RqC 2 < lnt < \o\CR^VN we define 

TV* = TV* (t) := 

noting that TV > TV*. We decompose 
7 k 


lnt 


> y-J ,\I^ 2 m(i’N)\ < Rm,0 <m<k -1 


lnt 


< 7fc 


/ IpN^lpN 1 ' > 4 ’n 4 >N - J V']v*V , IV* ^V’lvV’lV* 




> 


lnt 

2 kl 


(5.6) 
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For the first addendum (5.6), we exploit formula (5.2) in Lemma 5.3, to obtain 

f' t pN ) $N~ 1 ) i’N'*pN - 


7 k 


> ln M < 

-2|a| 


(5.8) 


Since in (5.7) we have lnt > \cf\RqC\/N*, we can treat this term and the third addendum in 
(5.4) (where we consider Inf > \ct\RqC\/1V) by the same method as follows. We bound 


H’n^n 1 } V>ivV’iv < m’MooRoC 




whence 


Ik 


I^P'Pn 1),1 Pn4>n 


> ^ , |/h 2m (t/)jv)| < Rm , 0 < m < k - 1 
O' 


< 7 k ( max 

V x6T 




R 0 C 7 


In t 


Thus to estimate the r.h.s. probability we use Lemma 5.6 with A = \ to get 


'k -1 


7 k n (jh 2m(V’Ar)) 




T'JV > t ] < _/v 2 + 2 fc e~ 4 k°n 0 c 


\ m —0 


(5.9) 


In particular for N = N* we have 


7 k 


^ JiPnIiI’n* < (N*) 2+2k e skftfec . (5.10) 


Now we can estimate (5.3). We first notice that (5.5) gives 


/ k 1 \ 

f tP ~S ( n XR m (fh 2m (M) >t)dt< e** 

Jo \m=0 ) 


RlC z 


Then by using (5.10) and (5.8) we obtain 

^expdcrliiQCvTV) ( k~ 1 

t p-1 7fc 

\m=0 

< / ^p-l-CSklRoC)" 1 lni 2+2fe 

^expdcrlRQCvTv) 


f7 R ^ V ^'^ P_1 7fc ( n (/WlM) >t)dt 

rexp (\ ij \ RgCVN ) 


+ 


/* ex Pvl a l i 

./e - 2 «§ c2 


f 




We note that as p < min ^3|cr|y / C.RQ^ , (8|<r|f?oC) both the functions on the r.h.s. are 

integrable, so we can bound both terms by an appropriate constant. 
















GIBBS MEASURES AND DNLS EQUATION 


25 


Finally, using (5.9), we have 


+ OO 


'k- 1 


t p_1 7fc 1] ^ (/^(W) > t 

lexp(\a\R^CVN) \m =0 > 

/■+00 

< iV 2+2fc / t p_1 e _4 i-° fl ocrfi 

J exp(|cr|i?QC\/iV) 

/*+°° 

= j\T 2+2fc / i P-i-(4k|RoC)- 1 dt 

*/ exp(|cr|i?gC\/iV) 

^2+2fc e -[p-(4|cr|i?oC)- 1 ]yiV 

b-i-CWoC)- 1 ! ’ 

that vanishes for AT —> oo, provided that p < (4|<r|.RoC) _1 - 

We can finally proceed to complete the proof of Theorem 1.1 as follows 


□ 


Proof of Theorem 1.1. The first part of the statement has been proved in Corollary 4.2. We are 
left to show that G k (t/j) £ L p (j k ) and that it is the L p ( 7 fc)-limit of the sequence Gk ,Jv(V0- 
We start proving that G k {if) £ L p {7k)- Let p > 1 and let us choose Rq > 0 such that Propo¬ 
sition 5.4 holds. Then there exists a subsequence Gfc,jv m (^>), m £ Z+, such that Gk,N m {ip) —> 
G k (ip ), 7 fc-a.s. Hence, by Fatou’s Lemma, we have 

/ |Gk(V 0 | P 7 fc(V 0 < Uminf [ \G k , Nm < 00 , 

J m—too J 

thus proving that for 1 < p < po given by Proposition 5.4 G k (if) £ L p ( 7 fc)- By the uniform (for 
N large enough) L p ( 7 /c)-boundedness of Gj^jvfVO we also have 

J | Gk,NW - G k {i>)\ p d'y k {i>) < 00 . 

We are now ready to prove the convergence in L p (j k ) for p < pq. For all e > 0, we define 

A k ,N,e = £ H k I \G k ,NW - GkW I < £} , 

and denote by N e its complement. Then let p < q < po 

J \G k , N {ip) - G k m p d lk (if) = 

[ |Gfc,ArW0 - G k {4’)\ p d'y k (ip) + f \G k , N (4>) ~ Gk(4>)\ p d'y k ('i/j) 

A k,N,e J A k,N,e 

< e p T k {A k , N , e ) + HG^WO - G k m\l^ k) (lkiAZ'N,*)) 1 -”' 9 • 

Since Gk,N(ip) converges to G k (ip) with respect to the measure 7 *,, we have that, as N — > 00 , 

7k{A k ,N,e) ~> 1 , 7 k{A k N ^ e ) -» 0 , 

Therefore, for a certain Sn, vanishing for N —> 00 , we have the inequality 

IIGfcyvWO - G k m P L , M < + MlG fc ,iv W - MWOII^) 

that concludes the proof. 

□ 
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Appendix A. Gaussian Measures in Sobolev Spaces: a Toolbox 


^(a> 0 ^- £ ) 


= i. 


We are here interested in giving a succinct but self contained survey on the theory of Gaussian 
measures in Hilbert Sobolev spaces. For a complete treatment we refer to [Sko74, Bog98]. 

A.l. Concentration of Measure in H k (T). Here we study the concentration property of the 
Gaussian measure with covariance (I + (—A) fe ) _1 . The main feature is that the measure is 
concentrated on functions in L 2 (T) having slightly less then k — A weak derivatives as regularity. 
This is stated precisely in the following 

Proposition A.l. For every k > 0 we have jk 

We will proceed by steps. At first we prove 

Lemma A. 2. 7 j.(H k ~? +e ) = 0 for every e > 0. 

Proof. We take any function ip € H s (T) with s > k— A. We have that ||<pjv|| h s finite uniformly 
in A, where we recall ipN is the projection on the Fourier modes \n\ < N defined by (1.5) and 
(1.6). We show that for all A > 0 

7 fc (llv’ivlli/. < A) —S> 0, as N 00 . 

To do so, we make use of the Markov inequality: for every /z > 0 

o-i E„(i+« 2fc )l^n| 2 e -f E„ l<enl 2 


A f / 1 _1_ \ ^ 

7fc (Ikivlljj. < A) < J Y[ ( dipnd ^ n J e ~* 


e = 


= exp 


|n|<JV 

1 


-dip' n dip' n e e n 


2 (s-fc) 




( 2 tt ) 2 N+l^n-rn 

T-5 £ + 

|n|<N, V 1 ' 

n^O 


where we have performed the change of variables ip' n = \/l + n 2k tp n and set —2(fc — s) =: n. Let 
us first consider negative k. In this case 


E M 1 


|n|<JV, 

n^O 


Jf_ 

Ini" 


> 2JVln(l + /z), 


and so we have an exponential decay in N for every choice of positive /z: 

7p (llvzvllijs < A) < e ^e _2Jvln(1+M) , (s > k). 
For k G [0,1) the series In (l + -jpr) diverges as A 1_K . Hence 


7fc(ll<Piv||jj. < A) < e 


1-2 (fc-s) 


k > s > k — 


Finally for k = 1 we have a logarithmic divergence at exponent and therefore 


7fc (llvwllija < A) < . 


S = k ~2 


(A.l) 


(A.2) 


(A.3) 


for arbitrary p > 0. We obtain the statement by taking N —y 00 in (A.l), (A.2) and (A.3). □ 
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Remark A.3. The same strategy can be also used to show the stronger statement 


Ik (llvwlljj* < In N) -A 0 as iV -loo, 
Lemma A.4. We have that for every s < k — -j and A > 0 

lk{M k s>\)<e~^. 


s>k-\]. 


(A.4) 


Proof. Let us take a function ip £ H s for some s < k — We look at its truncation ip n and 
again it is ||y>jv|| finite uniformly in TV. We exploit the reverse Chernoff bound at finite TV: for 
every p £ (0,1) and A > 0, we get 


p _ / y _|_ ,^ 2 /c \ ^ 

7k (ll</dv||jj» > A) < e“T- / TT — -=^dp n d(p n ) e~5 

\n\<N ' ^ 2?r ' 

J (2n) 2N+1 dPndPn e 2 


-2 E„(l + ™ 2fc )l¥>n| 2 gf £„ n 2S |^n| 2 


< e 2 


/ dm' 


= exp 


fiX 1 i ( i A 4 

9 9 ^ 1 l 1 Ini" 


|n|<IV, 

n^O 


where again we have used the same change of variables as before. Note that now it is k > 1. 
Since k ln(l — -^r) is convergent for all /z < 1 and n > 1, we can choose p £ (0,1) and take 
the limit TV —oo. We get (A.4) by setting /j = 1/2. □ 

Equation (A.4) implies that ||u||#<i is bounded with probability 1 for every k < s — This is 
sufficient to complete the proof of Proposition A.l. 

A.2. Quadratic Forms. Then we present some results about quadratic forms of Gaussian ran¬ 
dom variables, used in the paper. 


Proposition A.5. Let k > 2 and Q be a (2TV + 1) x (27V + 1) matrix such that 

\Qlh\ 


sup 


iJVT+h^ 


=: T k < +oo 


Then for A > 0 


7 k {{v,Qv) > A) < e x/4Tk . 

Proof. To begin with, we exploit the Markov inequality: for any p > 0 

7 k {(v,Qv) > A) < e -^Ee^’ Q rt. 

Now we compute 


(A.5) 

(A.6) 

(A.7) 


]g e A dv>,Qv>) — 


( 1 dpndpn ) exp 


|n|<IV 


y/2^ 


' Vi (0- + j )5ij “kvQij) 


Vo 


1,0 


(2n 


J d(p'_ N ~.dip' N tp'_ N ...dip' N exp 


„ 'y ' Vi (dij 2/X Qij(k)) Ifij 


1,0 


g— ^ In det(I— 2 fiQ(k)) 


(A.8) 
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where we have performed the change of variables <p'j = \J 1 + j 2k( fj, <p'j = \/l + j 2k( fj and we 
have introduced Qij(k) := Qijl \J (1 + j 2k )( 1 + i 2k ). We claim that 

| Tr((Qij(k)) m )\ < T™ , me Z+, 
so the expansion of the determinant 


(A.9) 


+oo 


— lndet(I — 2/iQ(fc)) = ^ 


(2 / r) m Tr((Q u (fc)) m ) 


m—1 


is convergent provided that p < We choose p = so that (A.7, A. 8) imply the desired 
inequality. It remains to show the (A.9). 


Tr {{Q{k)) T 


^ ' Qilh {k) ■ ■ ■ Qi m i m +1 {k)8ii im+l 

Qilil • • • Qi-mim+l^ilim + l 


*!,•••,»m+l 


< 


+ if fc )(l + *f)(l + *l fe ) ■■■(! + )(1 + i“)(l + *“ +1 ) 

IT* E 5,: 




2l,...,2 m+ 


iV /(l + ^)-..(l + «) 


= TJI>' £ 

= We- 


V(l+i? fc )...(l+i“) 


1 


<t; 


/C 5 


V(l + * 2fc ), 

where we have used the assumption (A.5) in the first inequality and and k > 2 in the last 
inequality. □ 


Remark A.6. We observe that we can make different assumptions on the matrix Q and obtain 
similar inequalities. For instance, if the trace norm of Q(k) is finite uniformly in N, we have (see 
for instance Lemma 3.3 in [3im05]) 

- lndet(I - 2pQ(k)) < ||Q(£:)||ti- 


and so for every N 

'Yk((<P,Q<f) > A) < e-VIIOWII- ; (A.10) 

by the same argument of the last proposition. If we assume the Hilbert-Schmidt norm of Q(k) to 
be finite uniformly in N, we obtain the Hanson-Wright inequality (see [ V7 ] and more recently 
[ IV13]), holding for any N 

7fc (Var(^, Qtp) > A 2 ) < e -cmin(A 2 /IIQ(/c)|U S .A/||Q(fc)||) } (A.n) 

where ||A|| denotes the operator norm of A and c is a positive constant. 


Remark A.7. For any linear operator Aip := Y2n=i Oi'Pu with 


Y. 


|i|<IV 


(1 + i 2k ) 


< oo uniformly in N , 


by using "jk{\Aip\ > A) = 7 fc(|Ac/j| 2 > A 2 ) we can infer 

Ik (\A<p\ > A) < e- A2 / Tfc . (A.12) 

Note that if Aip = we have 7X < oo uniformly in N for s < k — i. In this way we can 
improve Lemma A.4, obtaining a sub-Gaussian decay. 
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Proposition A. 8 . Let Q{x) be a N x N matrix as before. Moreover we assume Q(x) to be 
Holder continuous w.r.t. x £ T with exponent a and constant Ln, i.e. 

\(<P,Q(x)<p) ~ {v,Q{y)<p)\ < L N \x-y\ a , for every ip £ R N . (A.13) 

Then for any e > 0 and A > 2 L^£ a 

e -A/4 T k 


7fc ( sup(v3, Q<p) > A 


< 


(A. 14) 


Proof. We exploit Proposition A.5 along with an e-net argument. For e > 0 we divide the interval 
T in 1/e points at distance e. We denote by Xj a point in the j -th segment, and by x* the point 
in which the maximum is attained. By Proposition A.5 for each x £ T we obtain for A > 0 


Ik ((¥>, Q(x)cp) > A) < e x/4Tk . 


(A.15) 


Let jo be such that \xj 0 — x*\ < e. Therefore it has to be 

\(<p,Q(x*)v) - (P,Q{xj 0 W)\ < L N e a , 

Then we use the union bound for the probabilities: 

(|Q(**)I > A) < £ 7 fc(|Q(**)l>A 


< 


+ 


for every ip £ 


\x* — Xj | < e 


„N 


j ^ 

(\Q(xj) - Q(x*)\ > ^ 


\X — Xj \ < £ 


We immediately see by (A.13) that the second addendum in the last formula is zero as soon as 
A > 2 L]y£ a . Therefore we bound the first addendum by the total number of terms in the sum, 
which is e -1 , times the estimate (A.15), so obtaining (A. 14). □ 
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